sinh(6) = ‘39*2‘379 = 762;;1 cosh(6) = 7e9+2e*9 = 622951
tanh(0) = ::)I;E((zg coth(f) = tanh(9) !

sech(#) = cosh(#)~! csch(f) = sinh(6)~!

Ordered Draws with repetition: n"
Ordered Draws without repetition (Permutation)

(n— r)'
Unordered Draws without repetition (Combination):

() = motm

Unordered Draws with repetition (multichoose): ("7~ 1)
(7) = r!(nnir)! = %’r r= 0( ) =2"
n nm—1 nym—hy\ __ (n\m—k
o =5G) GO =00
n zZ\(z m+n—k z

(kl ko,.. ) W (m)(n) = Ykeo (k,mtk,nfk) (m+nfk)
I'(n)=(n—-1)! [(z) = [y e 't~ 1at
r(12) =n al(a) = F(l +a)

!

n! &~ \2nmne " n! =2mn(n/e)"(1+ O(1/n))

B(x,y) = [ £ 1(1—t)¥"'dt  B(x,y) = rr({“ﬁi(yy))
00 x—1

B(x,y) = [y rpeadt

Conditional probability: P(A|B) = P(ANB)

B

Independent if: P(A|B) = P(A) and P((I;’|A) = P(B)

Which means P(ANB) = P(A)P(B)
Multiplicative: P(A N B) = P(A)P(B|A) = P(B)P(A|B)
Associative: P(ANBNC)=P((ANB)NC)

— P(ANB)P(C|ANB) = P(A)P(B|A)P(C|ANB)
Additive: P(AUB) = P(A) + P(B) — P(AN B)
Law of total probability: B; N B; = @ Vi # j and

B;>0Vi=1,2,...,k Then P(A) = Y¥_ | P(A|B;)P(B))
Bayes’ Rule: P(B; |A) (A(Qj) = Zﬂ-‘:(?‘(lj-{l)ligllij()Bi)
P(A|B)P(B)
oA PR
Expected Value (Discrete) E(Y) = Zyy ply) =pu

(Continuous): E(Y) = [% _y- f(y

E(a) =afora constant a
E(X+Y)=E(X)+E(®)

E(ax+b) =a-E(x)+D

(Discrete) E(g(y )) ng( ) f( )
(Continuous) E(g(y)) = %2 g(y) - f(y) dy
E(XY) = E(X) - E(Y) +cov(X,Y)

E(XY)? < E(X?)E(Y?)

Variance: var(X) = E((X — u)?) = 0% = E(X?) —
Std. Dev.: ox = ++/var(X)
(Discrete) var(X) = ¥, [x; — u]?p(x)
(Continuous) var(X) = [ (y —u)?f(y) d
var(aX + b) = a?var(X)
var(X +Y) = var(X) + var(Y) 4+ 2cov(X,Y)
var(X —Y) = var(X) + var(Y) + 2cov(X, Y)
var(E(X)) = %(X)

Covariance: cov(Yy,Ys) = E((Y1 — 1) (Y2 — u2))
Independence = cov(X,Y) = 0 but not vice versa

Cov(X,Y) = Ez[Cov(X,Y|Z)] + Cov(E[X|Z], E[Y|Z])

Urzv/zr( r+g—1 )

EIS' = Gy

Moment generating function: Mx(u) = E[e"*]
Sp =Y a;X;, then Mg = HMXi(ait)
E[X"] = () 9y (0) = "E[X"

Cumulant generating function: Kx(u) = log Mx(u)

k—1 _ n—k
Fxey () :n!F)((ISf)l)! : (12(—(3? fx(x)

fxg X (0y) =
<< )J)l(m) Fx ()17 (1-Fx(y N () fx ()

(k=1-j)! (n—k)!
xn) =nlfx(x1) ... fx(xn)

FX @)Xy (X1 -

X, D XifVe>0 Pr(|X,—X|>€)—>0asn — oo

X, 3 X if Fx,(x) = Fx(x) Vx e C(Fx)asn — o

X 23 X if Pr(limy e Xy — X) =1

XX = X, BX X, hX — x,2x

If c € RY and Xngcthenxnic

X, B X iff every subseq. has a subsubseq. st X;;; — X a.s.
j— oo If X, ™% X then ¢(X,) ¥ ¢(X) as n — oo for con-
tinuous g. Then X, 5 X, Xy "3 X = g(Xu,) “Fg(X)

X, =X

= E[g(X,) — E[g(X)] Vg continuous sup on compact set.

= E[¢(Xy)] — E[g(X)] Vg continuous and bounded

= E[g(Xn)] — E[g(X)] Vg bounded and measurable st
Pr(XeC(g)) =1

(X1,...,Xy), iid Xp=1yr x

Weak LLN: If E[X] < oo then X, - E[X] =
Strong LLN: X, 3 E[X] = 4 <= E[X] < 0

CLT: Y; iid. E(Y;) = p and var(Y;) = 02. U, = Z=L

o/n
= (Y/ — converges to the standard normal as n — co.
That is, limy e P(Uy < 1) = f_ooﬁ e “dt Vu

Y is asymptotically distributed with mean y and var ¢2/x

If X, € RY, X, 3 X if f: RY — RF st Pr(X € C(f)) = 1

then f(X,) > f(X)
If X, 3 X and (X, — Yy) 50 then Y, B X
X, R, Yy eRE, X, BX, Y, Dethen () B (%)

(Similar for convergence in probability and a.s.)
I X, 5 X, Yu By then ($) B (§)

COV(Yl,Yz)
102

Correlation coefficient: p2 <1, forpy,y, =

Bias: E[6(g(6)) —g(6)] ~ MSE(5(g(0))
= E[(6(g(0)) — 8(6))] = var(5(3(6))) + B(5(g(6)))?
Chebychev’s Inequality: P(|Y — u| > ko) < 1/k> where Y is
RV with mean y, std. dev. ¢, and k € R.

Also, P(Y — u| < ko) > 1—1/2 or P(P2H > k170

RVs independent if F(y;, y;) = Fi(y;)Fj(y;) for each y;,y;

MLE = 8,,,, = argmaxg In L(6]y)



Conditional distrib.: f (y1|y2) = ngy(lyzi)

Hypothesis - Statement about the distribution of a random
vector. One on the null, Hy, one on the alternative, H;.
Hy N Hy = @. The truth is in Hy U Hj.

Neyman-Pearson approach: Assume identifiability, Let the
test be:

M@—{

Power function:
B(6) = Po(“reject Hy”) = Py(X € C) = Eg[¢(X)]
Likelihood-Ratio Test:
Let Hy:0 € ®yand H; : 0 € O, U, = O
Azx) = supgegy L(OLY) _ supgeq, L(O]T(2))
=/ supgeg, L(B]X) T supgee, L(OIT(x))
& = Suppce, Po(X € C) = supycq, Eo[p(X)]
B(0) = a = E[¢] = [ ppody
B(61) = El¢] =€ gpidy
Type I error: Pr(x € C|6 € ©p)
Type Il error: 1 — Pr(x € C|6 € ©)
N-P approach: Fix Pr(Typelerror) < a then minimize
Pr(Type II error).
When testing a distribution that is approximately symmet-
ric, consider the equal-tails test:
S fu(x)dx = [ fu(x)dx = a/2
p-value is the smallest @ at which you would reject Hy
given some data. The smallest critical region which
would lead to rejection.

Monotone LRs: 61 < 62

tic T.
UMP: if Egp* > Eg¢ VO € O for all ¢ with level a.
For MLRs: The test ¢* is UMP for Hy : 0 < 6y and Hy : 0 >
6o with level defined by Eg,[¢*].
The power function is nondecreasing.
¢* minimizes the type I (Eg,[¢*]) error for all tests with

1 where we reject Hy

0 otherwise

Pe, (x)
po, (x)

is nondecreasing in statis-

Eg, [¢] = «
1 T(x)>c
¢*(x) =471 Tx)=c
0 T(x)<c

A test is unbiased if: B(0') > B(8”) for all ¥’ € ©; and
0" € ©

Asymptotic distribution of LRT:
2logA = 2(€,(8,) — £u(60)) > x2(r) is about size «
(asymptotically) where r is the difference in parameter
space of null and alt.

Let A(fp) be the acceptance region of a level a test. For
each x, let S(x) = {6 : x € A(0),0 € Q} bethel—«
confidence level set.
6eS(x) < xecA0)

Uniformly most accurate unbiased at level 1 — & (UMAU):
minimizes Pry(0’ € S(x)) < 1— a for all 6’ # 6 subject to
Prp(6 € S(x)) > 1 — a. Get by inverting UMPU tests.

Family of CDFs F(t|0) is stochastically increasing in 6 if for
t € T, F(t|0) is a decreasing function of 6. (For fixed ¢,
think about F as 6 changes.)

If X has a continuous CDF, stochastically increasing, let:
Oua(x) = supgee{Fx(x|0) = a/2}
01,4 (x) = infpeco{Fx(x[0) =1—a/2}
then (6; ,(X),04,a(X)) has coverage 1 —a, for all § € ©

Exponential Families

po(x) = C(O)exp { Tiy Q(O)T;(x) } h(x)

The sufficient statistics form a complete family of distribu-

tions.
Have monotone LRs

Look for terms like %x and —2}7x2 for normal

Bernoulli Distribution

Y ~ Bernoulli(7r) = Binomial(1, 77)

y€{0,1} mel0,1]
plylm) = 7/(1 = )1

ki =pixa=pl=p)xn=pl-p)G

p(t; 1) =1 -+ mett
E(Y) =m; var(Y) = (1 — )

dry

Binomial Distribution
Y ~ Binomial(n, 77)

yeZ, neN mel01]

plyln,m) = ()v(1 —

Kn,binom = MKy bernoulli

)

n—y
E(Y) = nm; var(Y) = nm(1 —

o(t; 1) = (1 — 7+ me't))

)

Poisson Distribution
Y ~ Poisson(A)
A>0

pyIA) = Mt g(t:)

E(Y) =var(Y)=A

— pAMet-1)

Poisson(A) = limy—e Binom(n, 77 = A/n)

Kn:/\

Univariate Normal Distribution

Y ~ Normal(u,0?)

yeER ueR ¢?>>0
E(Y) = y; var(Y) = 0?

K1 =Ky =07 K =0

)2

Flio?) = e
Yit V2o

Dt 1, 0%) = =71

Multivariate Normal Distribution

X ~ Ny, E)

1

p
flxn %) = (\/éTT) ml/zexp{
Y. = diag(dy, ..., dy) iff mutually independent.

211 212> ) . .
, independent if
) <221 X P

R

Ypp =2y =

"1
U2

Yx—mT= (x—p)

Uniform Distribution
Y ~ Uniform(a, B)
y € [ p]

fla )= 55 oltap) =

E(Y) = 48, var(y) = B3
Unif(—a, a) — k; ::OforioddeO::O'Kzzzu2/3

2
4 2
K4=%—3(%) ; Kg =

@£ 154

ztﬂ» it

—)

+30(%)3




Gamma Distribution
Y ~ Gamma(a, )

y € (0,00)

Shape a > 0 inverse scale p > 0 (i.e. B =1/p)
flyla, B) = r(,x) e Py (e, 0) = (1—ith) "
E(Y) = «/p = af; var(Y) = /g2 = af?
Gamma(k, } = Erlang(k, A)

K = al(7)

Beta Distribution
Y ~ Beta(a, B)
y € [0,1] Shape parameters: «, f > 0

' I € ) L T G B Ve
pdf: fyleB) = "5ap — = Tapopria
E(Y) = g var(Y) =

(a+B)2(a+B+1)

Student’s t Distribution
Y ~ t(n)
y € R n € NN is the degrees of freedom.
2, _nsl
f(y|n) = \/ﬁB(ll/zru/z) (1 + %) 2
E(Y) =0forn > 1;var(Y) = ;% forn > 2
tn—1) = x/\% when X ~ N(pt,az)
Z~N(0,1)and V ~ x2_

hen —2Z  ~ ¢t
1 then V/(n—1) fn1

Exponential Distribution
Y ~ Exp(A)
y€[0,00), A>0
FYIA) =AM g(tA) =
E[Y] =1/ var(Y) =1/2
" 1 Exp(A) = Erlang(n, A)
KExp(A) — Exp(})
Minimum of n Exponentials: Exp(nA)
Exp(A) = Gamma(1,1/7)
|Exp(A)] = Geometric(1 —e~*)
K =A""(r—1)!

(1 it/

Erlang Distribution
X ~ Erlang(k, A)

x,A € [0,00)
kyk=1,
fxlk,A) = A = 1)
EX] =% var(X) =%

Pareto Distribution

X ~ Pareto(v, 0)
0,v>0 x > v

Fx;0,v) = 251 (x > v)

E[X] = {OZV o<1 var(X) = {Oo 20
-1 0>1 -12(6-2)

log(Pareto(v,0)/v) = Exp(6)

6>2

6e(1,

2]

Rayleigh Distribution

X ~ Rayleigh(c)
c>0 xel0,0)

f(x;0) = Ze /2

E[X] = Uﬁ var(X) = 45702
(Rayleigh)? = x3

Chi-squared Distribution
Y ~ x*(n)
y €[0,0)
flyln) =
E[Y]=n
x> (n) + x*(k) = X2
X*(2) = Exp(3)
(n-1% ~ 22,
K =2""1r—1)n

n €N

sy e etn) = (1-2it) "

var(Y) =2n
(n + k) if iid

Negative Binomial Distribution
Y ~ NB(r, p)
ye{0,1,2,...} r>0 pe(0,1)

plylrp) = A=y plinp) = (k)

E[Y] = % var(Y) = (1_17;)2

Dirichlet Distribution
Y ~ Dir(«)
y €[0,1]; Zyl—l a; >0

r ; —1
Fyla) = SESAL IS o
E[Y;] = ”n ’;X var(Y;) = i(i‘; +'X1’)),oco YK«
cov(Y;,Y;) = %

Multinomial Distribution
Y ~ Multinomial(p)

yeN' pe (01 Tpi=1
pl(p) = sl bl lhp) = (T pye™)
E[Yi] = np;i  var(Y;) = npi(1—p;) cov(Y;Yj) =

—npip;

Geometric Distribution

Y ~ Geometric(p)
yeN pe(0,1]

plylp) =1 =p)p $tp) =

pet
E[Y] = % var(Y) = p—zp

Cauchy Distribution
Y ~ Cauchy(u,y)
ye(—oo,00) peR >0
,Y) = ———— (L) = exp {pit — |t
flw ) n7[1+<%)] P(tp, ) p{u vt}

E[Y] = undefined var(Y) = undefined median = p

F Distribution
X~ F(i’ll, nz)

ny, Ny > 0 x>0
. e
fm,na) = “Frmmy
2
o _ 2my(mAnp=2)
EX] =52 var(X) = o Soptn—n
Xny /m
F(nq,n o
( 1, 2) an/nz
F(nq,ny) il/i
1,12 0—12 0'22



